Spin-guides and spin-splitters: Waveguide analogies in one-dimensional spin chains 
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Here we show a direct mapping between waveguide theory and spin chain transport, opening an 
alternative approach to quantum information transport in the solid-state. By applying temporally 
varying control profiles to a spin chain, we design a virtual waveguide or 'spin-guide' to conduct 
individual spin excitations along defined space-time trajectories of the chain. We explicitly show 
that the concepts of confinement, adiabatic bend loss and beamsplitting can be mapped from optical 
waveguide theory to spin-guides (and hence 'spin-splitters'). Importantly, the spatial scale of applied 
control pulses is required to be large compared to the inter-spin spacing, and thereby allowing the 
design of scalable control architectures. 
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The application of quantum information science to 
technology promises to make a disruptive change to 
twenty first century society, comparable to the computer 
and telecommunications revolutions of the twentieth cen- 
tury. Within this context, there is a pressing need to de- 
velop viable quantum networks. There have been many 
proposals to satisfy this need. Here we wish to focus on 
just one implementation of quantum communication that 
is ideally suited to solid-state quantum computing: the 
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FIG. 1. (a) Schematic of a spin-guide: a one-dimensional line 
of spins is positioned below a gate array. The gate potentials 
are varied, breaking the translation symmetry of the chain, 
to define a spin-guide capable of carrying an excitation. The 
size of the gates is expected to be much larger than the inter- 
spin spacing so that individual control of the spins is not 
possible, (b) A conventional waveguide is defined by a local 
change in the refractive index of a medium. This can be 
thought of as defining a two-dimensional pathway, (c) A spin- 
guide is defined by a 1+1 dimensional variation in the spin 
properties, which mimics the refractive index profile of an 
optical waveguide. 




one-dimensional spin chain. 

The physics of spin chains offers a rich phenomenol- 
ogy. There is a comprehensive review of the application 
of spin chains to quantum information processing due to 
Bose In general, a spin chain is a one-dimensional 
array of spins that are closely spaced to facilitate strong 
spin-spin interactions, perhaps via dipole-dipole or ex- 
change coupling. As the inter-spin spacing is typically on 
the atomic or near atomic scale, individual addressability 
of the spins is either impossible, or unscalable ^-^]. As a 
consequence of the restriction on local control, many in- 
novative schemes have been studied to realise spin trans- 
port including schemes with uniform spins and control 
over just the ends of the chains (see Refs. 
with carefully designed coupling schemes [8, 
has also been related work in transport in coupled cavity 
systems lol- 12|. 

Here we outline a distinct alternative to the problem 
of long-range quantum information transport inspired 
by optical waveguides. We demonstrate that it is pos- 
sible to create a virtual waveguide or 'spin-guide' in a 
one-dimensional spin chain to guide individual spin ex- 
citations, magnons as depicted in Fig. [T{a). An 
optical waveguide is essentially a two-dimensional struc- 
ture, where confinement of an optical mode is achieved 
in one dimension by a change in the refractive index of 
the medium as a function of space, and the mode prop- 
agates in the other dimension. Fig. [Ijb). Our virtual 
waveguide uses a time-varying potential that is control- 
lably swept across the one-dimensional spin-chain, as de- 
picted schematically in Fig. [Ijc). In essence, the two- 
dimensional waveguide is replaced by a 1 -I- 1 dimensional 
spin-guide. This approach allows a direct translation of 
all of the well-known results from conventional waveguide 
optics jl4| , and therefore opens a fundamentally new ap- 
proach to the manipulation of excitations in spin chains. 
It should be noted that the use of magnons with Gaussian 
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spatial distributions 15| , and adiabatic following of a lo- 
cally applied control field iB, 121, have been considered, 
but we are not aware of any scheme that has applied the 
physics of optical waveguiding to coherent evolution of a 
solid-state excitation. 

To realise the spin-guide, we require a spatially and 
temporally varying control field that breaks the degen- 
eracy of the spins in the chain. Although the exact 
system and mechanism for breaking the spin degener- 
acy is not essential, for concreteness we consider a one- 
dimensional Heisenberg spin chain with a temporally and 
spatially varying magnetic field. Note that although op- 
tical waveguides can usually house many excitations, we 
are explicitly only considering the one-excitation sub- 
space, i.e. a single magnon. 

There is considerable flexibility about the precise 
choice of applied magnetic field, and for simplicity we 
choose a Poschl- Teller (PT) potential, for which numer- 



ous analytical results are known [18l - l2d |. In general any 
potential that can be used for optical waveguiding can 
easily be translated into the spin-chain model. By adia- 
batically varying the PT potential as a function of time, 
the magnon can be guided through a space-time map in a 
fashion that is entirely analogous to conventional optical 
waveguiding. The demonstration of this analogy is the 
central result of this work. 

The Hamiltonian for a system of N spin 1/2 particles 
with an applied field is 
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+1 



(1) 



where J is the exchange interaction strength, S„ and S'fj 
are operators for the the total spin and the z projection 
respectively for spin n, and B{n,t) is the time- varying 
magnetic field applied to spin n. 

As the control fields are slowly varying across the spin- 
spin separation, we can replace the discrete spin chain 
Hamiltonian Eq. ([T|) with its continuum counterpart H 
and solve the Schrodinger equation. 



(2) 



for the evolution as a function of position, x. This is 
much less computationally expensive for a large number 
of spins, yet still captures all of the essential features of 
our scheme. The continuum limit is important for prac- 
tical atomic cases, as the spins are typically separated 
by one, or a few, lattice sites, but the control fields are 
derived from surface gates and hence are on the tens of 
nanometres scale. 

We first consider the case of a single spin-guide. The 



form of the PT potential is B{x,t) 



-Bosech [(a 



Xo{t))/'w], where the time dependence is determined by 
the moving center of the potential, xo{t). For simplicity 
in what follows, we set J = 1, Bq = 1 and w = 1. 
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FIG. 2. (a) Fidelity as a function of corner angle 9, for two 
values of r: r — (discontinuous corner, solid line) and r — 2 
(smooth corner, dashed line). Fidelity decreases with increas- 
ing angle 9 in accordance with conventional optical bend-loss. 
Four examples of magnon propagation are shown: (b) r = 0, 
f = 0.15 (fidelity 0.769), (c) r = 0, = 0.5 (fidelity 0.106), 
(d) r = 2, f = 0.15, (fidelity 0.979) (e) r = 2, 61 = 0.5 (fidelity 
0.401). In aU cases, U = 10. 



The magnon state is initialized as the lowest energy 
eigenstate of the moving PT potential, i.e. 



ip{x,t^ 0) 



e^'^'^see 



h{x~xom/V2, 



(3) 



where XgiO) is the centre of the excitation (equivalent 
to the center of the spin-guide), the initial momentum 
k is set to match the initial velocity of the spin-guide. 
Throughout, we solve numerically for tplxjt) and display 

|^(x,t)|2. 

To study the effectiveness of the channel, we examine 
the spin-guide fidelity. The fidelity is given by the overlap 
between the initial wave function ip(x,t — 0), and the 
excitation at the final time ti (shifted back to the original 
location, 'iIj*[x + xo{tf),t = t{]): 



F = 



ip{x, t = 0)tp*[x + xoitf), t — t{]dx 



(4) 



and < < 1. 

An important concept with optical fibres is bend-loss, 
i.e. the extent to which an optical fibre can be bent be- 
fore the mode ceases to be guided, and is therefore lost. 
The equivalent case is accelerating the magnon by inves- 
tigating a single spin-guide with a 'corner'. The centre 
of the spin-guide is given by 



xo{t) = ^r + ta,n'^e{t-tf/2)^+tein0{t-tf/2) (5) 
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FIG. 3. Magnon evolution through a spin-splitter with paral- 
lel component. Oscillatory behavior of the excitation between 
the spin-guides is observed. Here, r = 0.5, d = 1.2, m = 0.3. 



where r indicates the sharpness of the corner, 9 is the an- 
gle through which the spin-guide changes direction, and 
if is the final time. The excitation is initially centered at 
position 2:0(0), with momentum k — dxf){t) / dt\^^f^. 

Fig. utilises Eq. ([5]) to show how the fidelity de- 
creases with increasing angle through which the spin- 
guide moves 0. Two lines are shown: r = (discontinu- 
ous corner) always has lower fidelity than r = 2 (smooth 
corner). As the corner is made more abrupt the fidelity 
decreases, in accordance with our intuition from optical 
bend-loss results. The evolution with different examples 
of r and is shown in Fig. [2Ib)-(d). 

To complete the connection between spin-guides and 
waveguides, we turn our attention to two-port devices, 
i.e. we show how to create a 'spin-splitter' by analogy 
with beamsplitters. We firstly examine a spin-splitter 
with a parallel component, see Fig. [3l The centre of the 
potentials of the left and right spin-guides are given by 
the piecewise continuous function 



alright (i) = -x\cft{t) 



t < tf/2 
t) t > tf/2 



(6) 



/(x, t) = \/r + {41711 + d- xif / 16 -mt + {d + xi)/4, 

where m is the slope and d is the separation between 
the parallel components of the spin-guide. The posi- 
tion of the excitation is initially in the left spin-guide, 
i.e. ip{x = xicft(0),i = 0), and the initial momentum 
is the slope of the left spin-guide at time t = 0, that 
is fc = dx\cft{t)/dt\^^Q. In Fig. [3] the solid lines show 
xieft and Xright, and the dashed lines show xioft ± 2 and 
a:right±2, which can be intuitively thought of as the 'edge' 
of the spin-guides. The excitation, after initially starting 
in the left spin-guide, oscillates between spin-guides, be- 
fore leaving primarily through the right spin-guide. As 
expected, the length of the parallel section compared to 
the oscillation frequency controls the final output distri- 
bution. This behavior is important to note, as it corre- 
sponds to the small angle limit of the spin-splitter in the 
next section. 
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FIG. 4. (a) Fidelity, and reflection and transmission coeffi- 
cients for an X-junction spin-splitter as a function of spin- 
guide angle. The excitation is initialized in the left-to-right 
spin-guide and then evolved for time U = a;;/tan(9/2) (a:; = 
10 fixed). The reflection and transmission coefficients show 
oscillations as expected from Landau-Zener theory. The spin- 
splitting fidelity is less than unity due to non-adiabaticity, 
although it asymptotes to one in both the small and large 
angle limits, (b) A 50/50 spin-splitter with 6 = iQ-o.ima 
(corresponding to i? ^ T ^ 0.491, Ftot ~ 0.982, indicated 
by a circle at the intersection of a horizontal and a vertical 
line), (c) A non-adiabatic crossing with 9 = 10^'^. Note the 
different time-scales in (b) and (c). 



Coupling between spin-guides is the equivalent of 
evanescent tunneling between optical waveguides. Con- 
sider two parallel spin-guides, separated by distance d, 
with an initial excitation which has zero momentum, 
k = 0. The oscillation frequency into and out of the left 
waveguide is found by expressing the evolution as a two- 
state problem and defining an effective Hamiltonian in 
the basis {V'ieft(a;, i), i/'dghtC^;, *), ■ • ■}, where, 'ip[-^^y^_{x,t) 
is determined by Gram-Schmidt orthonormalization rel- 
ative to '(/'left (2:, t) and il>i:ig\\t{x,t) which are given by 
Eq. ([3]). The resulting oscillation frequency is (given 
by the difference between the eigenvalues of the effective 
Hamiltonian) , 



Vl{d) 



csch^(i[cosh3rf + 4rfsinh(i - (Sd^ + l)coshrf] 



cosh2d- 2(i2 - 1 



17(0) 



(7) 



This function monotonically decreases from 
16/15 to n{d) w 4e-'' for large d. 

A more practical form of spin-splitter than the style in 
Fig. [3] is an X-junction of spin-guides. Two straight spin- 
guides of length 2x1 cross at an angle 0, where a;R,_j.L(i) = 
—xi,^Yi{t) = 2:1/2 — tan(6'/2)t. The initial excitation is 
placed in the left-to-right spin-guide, such that 2:0(0) = 
2:l->.r(0), with momentum /cl-^r = tan(0/2). 

The evolution for the X-junction is shown in Fig. 21 
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FIG. 5. (a) [(b)] the evolution when the excitation is initial- 
ized as a superposition in both spin-guides, the phase between 
them is 7r/2 (— 7r/2). (c) The fraction of excitation in the left 
and right spin-guides as a function of the phase between the 
initial excitations. 



of the phase a is given in Fig. [5jc). This phase interfer- 
ence proves the quantum mechanical nature of the spin- 
splitter, thereby completing the analogy between optical 
waveguides and the behavior of spin-guides. 

We have shown that a collective excitation within a 
linear spin-chain can be confined and manipulated us- 
ing localized field modulation. Specifically, we see that 
the space-time behavior of this one-dimensional exci- 
tation mimics effects traditionally observed with linear 
optics experiments (in two spatial dimensions). Using 
suitably chosen field modulations in space and time, we 
can replicate optical guiding modes, beam-splitting and 
even phase interference. This technique provides a new 
conceptual framework and method for controlling spin 
excitations using field modulation over distances much 
greater than the spin-spin separation. 



for time U — xi/ tan(6'/2). The relevant metrics for the 
spin-splitter are shown in Fig. UJa) as a function of spin- 
guide angle. The reflection and transmission coefficients 
R and T, as defined by Eq. (|4]), and the total fidelity is 
-Ftot ^ R + T. The behavior of R and T can be under- 
stood with regard to Landau-Zener theory (2l','25]. When 
6 is large, the spin-splitter shows a non-adiabatic cross- 
ing, therefore the reflection (transmission) coefficient ap- 
proaches zero (one) for large 6*, Fig. HJ^c). Conversely, 
when 9 is small, the spin-guides approach an almost par- 
allel state. As such, the excitation behaves similarly to 
Fig. [21 where the excitation oscillates between spin- guides 
and therefore the fidelity depends strongly on 0. In con- 
trast to conventional Landau-Zener this is not the adi- 
abatic regime as the spin-guides are forced to cross and 
the interaction time increases with decreasing angle so 
that oscillations are always observed. 

An important spin-splitting ratio is 50/50 {T — R), 
and Fig. Ufa) shows many points where this ratio is ap- 
proximately achieved, although with varying fidelity. An 
example, with = 2.0~°'^^^^ is shown in Fig. Hl^b), cor- 
responding to the value of 9 indicated by the circle in- 
tersecting the horizontal and vertical lines in Fig. SJ^a), 
when i? w r w 0.491 (i^tot ~ 0.982). These are slightly 
less than 0.5 due to scattering into non-bound modes. By 
choosing a sufficiently small 6, one can generate a 50/50 
spin-splitter with a T and R arbitrarily close to 0.5. 

Finally, using our spin-splitter we demonstrate the fun- 
damental quantum mechanical characteristic of a beam- 
splitter: the interference of paths due to their relative 
phase. The wave function is initialized as '0(x,i — 
0) = ^[V'l^r(x,0)-K e-VR^L(2;,0)]. Fig. ma) shows 
the evolution when a — 7r/2 , where the excitation 
emerges solely from the left-to-right spin-guide. Simi- 
larly, a = — 7r/2 results in the excitation emerging from 
the right-to- left spin-guide [Fig. [SJb)]. The fraction in 
the left and right halves of the spin-chain as a function 
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